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A study is presented of a particular class of planar hydromagnetic 
steady flows of a uniform, incompressible conducting fluid, moving 
under the influence of its own magnetic field. The motions considered 
are special cases of a fairly wide class of hydromagnetic flows exhibited 
by Lin. The equations of motion and induction are formulated as non- 
linear partial differential equations in a pair of stream functions, for the 
fluid velocity and magnetic field. Some general features of these flows are 
discussed, and a number of special exact solutions are derived, in 
unbounded space. In an appendix we give a method by which the formu- 
lation of the infiniteconductivity cases is reducible, in principle, to a 
single equation. 
I. INTR~OUOTI~N 
Throughout this study, an injinite uniform fluid is implicitly assumed, and 
thus the accompanying electric current and electromagnetic fields are 
maintained by self-interactions within the fluid. 
The class of flows considered here’ consists of those in which the fluid 
velocity and magnetic field are everywhere parallel to a fixed plane, while 
conditions are uniform along the orthogonal direction, along which the electric 
field and current are everywhere directed. 
In such flows, the electric field is a vector “constant of the motion.” For a 
fluid of infinite conductivity this implies the constancy of V x B and thus, 
unless V and B are everywhere parallel, stagnation points may only occur at 
places where the magnetic field is singular. A further property, for an 
injinite-conductivity fluid, contained in a simple theorem which is proven 
for these cases, is that closed magnetic lines may only exist in the presence 
of a fluid source or sink within them, whereas closed streamlines may not 
exist at all. 
We derive a small collection of exact solutions of simple structure-in 
which one of the interacting fields V, B is a parallel field. This is the circum- 
i These flows are special cases of Lin’s [l] family of similarity solutions. 
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stance permitting reduction of the analytical problem to ordinary differential 
equations. All our solutions are derived without reference to boundary con- 
ditions and thus they apply, exactly, only to an infinite medium. The difficult 
problem of discussing the (necessarily approximate) validity of these solutions 
in a bounded region-channel flow, for example-is not attempted here. 
II. EQUATIONS OF STEADY MOTION FOR A CLASS 
OF TWO-DIMENSIONAL FLOWS 
Commencing now with the quantitative development, we use rationalized 
mks units throughout. Let p = fluid density, Y = kinematic viscosity, 
u = electric conductivity, p,, = permeability of free space. In the hydro- 
magnetic approximation, the steady flows of our uniform, incompressible, 
nonmagnetic, Ohmic fluid, are described by the steady-state equations of 
motion and induction, relating the coupled fields V and B, namely, 
(V.V)VPXB)~ 
POP 
- $ vp + VPV (1) 
V x (V x B) + hV2B = 0 (2) 
where h = I/ha. Taking the curl of (1) to eliminate the pressure gradient 
term, and using the identity (V . V) V = V( V2/2) - V x (V x V) yields 
0 = v x [V x 31 + v x [‘V xp:; x “1 + vvy 
where the vorticity c = (V x V). Equations (3) and (2), which we refer to 
as the equations of motion and induction, are our objects of study. 
It is convenient to deal with the basic field quantities V and B/d% 
(the Alfven velocity in the field B). Not only do these have the same physical 
dimensions, but they play symmetric roles in the description of the dissipa- 
tionless fluid. 
We take the flow plane as the xy plane of a Cartesian coordinate system, SO 
both basic fields have the form 
Also, both are divergenceless fields. Therefore we may introduce a velocity 
stream function p)(x, y) and a magnetic stream function #(x, y) such that 
and 
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After some straightforward calculation, our equation of motion, (3), becomes, 
in stream function form: 
whereas the equation of induction, (2) becomes 
from which we immediately have 
- - my = K 
D(x, Y 1 (5) 
where K is a “constant of the motion.” 
III. SOME GENERAL PROPERTIES 
We note that K represents the value of the everywhere constant electric 
field E,. Indeed, Eq. (13) merely states that 
E = Kg, (6) 
which is a direct consequence of the static Maxwell equation V x E = 0, 
together with the assumed symmetry of the flow. This is a very binding 
constraint. For the infinite conductivity case, h = 0, this condition becomes 
V x B = K& ,^. (7) 
Thus, stagnation points (where V = 0) cannot occur unless either V and B 
are parallel (K = 0), or there is a singularity of B at the same place. By the 
same token and under the same provisos, one cannot find a nonsingular 
solution for a viscous infinite-conductivity fluid in the presence of fixed 
boundaries. Clearly also, the same property implies that one cannot have, in 
an infinite conductivity fluid, such steady flows with K # 0 in a simply- 
connected bounded region free from sources or sinks-for there would 
necessarily have to be at least one stagnation point in such a case. 
These features of the infinite-conductivity case may be more comprehen- 
sively stated in the form of a simple theorem-a consequence of the assump- 
tions of infinite conductivity, incompressibility, and the special symmetry 
of the flow-which gives a symmetrical relation between the velocity and 
magnetic stream functions. 
THEOREM (for an infinite conductivity fluid). If there exists a closed 
contour line I,!I = const, then the associated stream function p is not single valued 
within this closed line. If  cp is made single valued by interposition of a cut line 
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passing through the closed #-contour, p must undergo a jump across this cut line, 
corresponding to one or more sources or sinks of fruid within the *-contour. 
Further, fbr any@ in which there exists a family of closed +contours which are 
connectable by a jZuid streamline q~ = const, thr members of this family have the 
propertr 
where A(C) is the area within tk contour (CI = C and y, the jump in Q across 
such a connecting streamline, is the total strength of tk$uid sources Iring within 
the family. 
In these statements, furthermore, Q may everywhere be replaced by 4 
and vice versa. Thus, closed magnetic lines imply fluid sources or sinks 
within them, while closed fluid streamlines cannot exist, as this would necessi- 
tate magnetic line charges. These statements may be demonstrated as follows: 
Suppose that a level curve of one of the stream functions, say the magnetic 
field line $ = C, is a closed curve, so that there is a family of closed #-contours 
within it. Now, since 
we have from Eq. (5) (with h = 0) that 
Further steps refer to the following figure: 
FIG. 1. Closed stream-function contour lines 
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The curves $ = C, and 4 = C, represent a pair of closed magnetic 
lines. Cut-lines AB and CD are constructed along segments of a pair of 
arbitrarily close fluid streamlines p = const. connecting the indicated points. 
Integrating both sides of (15) over the area between J, = C, and # = Ca 
yields, by use of Green’s theorem 
where A(C) is the area within 4 = C. In the complete line integral, one is 
integrating, in the indicated sense, along contours of constant I+% and along 
the cut-lines. Clearly, one may write Eq. (16) as 
C, 
s c, bD - ‘PA) ‘@ = K[A(C,) - AtCdI* 
This shows that, whenever one has a set of closed &contours, one must have 
a multivaluedness of p, within, as expressed by the fact that the left side of the 
equation must be nonzero for C, # C,. In the case illustrated, where $(Cs) 
and $(C,) are connectable by adjacent streamlines q = const, one has 
y = [&)I = K A(G) - A(Cl) 
c, - Cl 
where y = pD - qA is the discontinuity in ‘p across the cut lines, which 
must necessarily be a constant (independent of #) in this case. Further, 
Eq. (17) must hold for all C,, C, of a family of such contours. It is easy to see, 
then, that the only differentiable solution of Eq. (17) is of the form 
C=conatx~. 
Y 
Thus one may use for y% the function 
From the meaning of a stream function, the necessary discontinuity in pl 
implies sources or sinks of fluid--of the total strength y-within the entire 
family of #-contours which may be so linked by a streamline. 
By virtue of the symmetry between ‘p and # in the induction equation for 
h = 0, these symbols may everywhere be interchanged in the preceding 
discussion. 
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In the case illustrated in the figure, this theorem expresses a necessary 
requirement which the flow must satisfy in order that the configuration shall 
remain stationary, with V x B = const, while magnetic flux lines are 
bodily convected by the fluid, as occurs in the case of infinite conductivity. 
IV. SOME EXACTSOLUTIONS 
A. Dissipationless Fluid 
With infinite conductivity (X = 0) and vanishing viscosity (v = 0) the 
equations to be dealt with are given, from (4) and (5), as 
D( V2P, 9’) 
D(x, Y) 
_ W2A $1 = o 
W, Y 1 
and 
Our solution “ansatz” is now to assume CJI = q(x). A formal integration 
of (9) yields at once 
1G(% Y) = $ +f(x) 
wheref(x) is to be determined. From (IO) one may compute Pz$. Substitution 
of this into (8) then yields, after some reduction, 
Kr [4#‘8 _ 5$$” + p'2pO] - gy + p4'2 - q'$"]f =(). 
PI2 
(11) 
Equating separately to zero the coefficient of y and the terms independent 
of y, we split off from (11) a pair of equations whose solution will permit 
determination of p and f in sequence. Ore thus obtains 
and 
4p”3 - 5v’p”p”’ + (p’2p) = 0 (12) 
gy"' + [q'q"' - &"2]f' = 0. 
Putting ‘p’ = e” converts these respectively into 
tPt - 2u’u” = 0 
and 
(13) 
(14) 
f”’ + [U” - fp]f = 0. (15) 
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Equation (14) integrates immediately to yield 
The solution of (16) is readily found to be 
so that 
u = In csch (ox + b) + const 
q(x) = A, j csch (ax + b) dx 
A =-lntanh(y). 
a 
Next, f(x) is obtained by using (16) in (15) resulting in the equation 
so that 
,,, f - ay = 0 
f(x) = B, sinh (ax + d). 
Thus one obtains the pair of stream function solutions 
a+b 
v(x) = $ In tanh 2, 
#(x, y) = F sinh (ax + b) + B, sinh (ax + d) 
1 
(174 
where the constants A,, B,, a, b, d, K are subject only to the requirements 
that q and 1,6 be real. 
If one takes ia for the a in the preceding solution, one obtains a second 
solution 
cp(x) = $ In tan (*) , (189 
#(x, y) = F sin (ax + b) + B, sin (ax + d). WI 
2 
Alternately, putting a = 0 in Eq. (16) gives 
d1 - u’2 = 0. 
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Hence u = ln [As/(x + S)] and v’ = eU = [As/(x + b)]. The corresponding 
equation forf(x) is now simplyf”’ = 0 sof(x) = gx” + hx. Thus we obtain a 
third solution 
v(x) = A2 ln (x + 4, (194 
*(x9 Y) =~(x+b)+gx2+hx. Wb) 
We may obtain another solution by putting u’ = a in Eq. (16), identically 
satisfying it. Then U(X) = ux + 6. The corresponding equation for f(x) 
isr” - a2f’ = 0, so f(x) = B,e* + C4e-a2, and the corresponding stream 
functions are 
tw,Y) = s e- + B,F + C,e--. 
Finally, an obvious fifth solution is 
with f(z) any sufficiently differentiable function. 
The preceding five solutions represent parallel flows, in which the fluid is 
everywhere moving in the y-direction, with a velocity gradient in the x-direc- 
tion. Further, it would appear that there are no other parallel-flow solutions 
for the dissipationless case. In each of these, one may interchange the roles 
of Q and #, merely reversing the sign of K in so doing. As is physically 
required, for K # 0 there is a component of the pressure gradient along the 
direction of fluid motion, corresponding to a steady conversion between 
mechanical energy (from the driving sources maintaining the flow) and electri- 
cal energy, flowing everywhere in the flow plane, in the direction of the 
Poynting flux. 
A simple solution in plane polar coordinates is readily derivable as follows: 
The equations of motion and induction in this case are 
v2?J, 9Jl _ WV, *I = 0 
D(r, 6) D(r.4 (22) 
(23) 
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To find a flow with purely azimuthal B-lines, put # = Ar2/2. From Eq. (23) 
one then has 
dr, 4 = -z +m 
where f(Y) is to be found. Inserting this form into Eq. (22) now yields 
tT$t (V2q3) = 0, or v22Fp = 28 = const. 
Thereupon, one finds f(r) = CY In Y  + /3r2/2. The solution is then 
l)(Y) = q , (244 
p)(y, 0) = -$+.1ogr +/3;. t24b) 
The solution prescribes a uniform current density in the z-direction, with 
ZT 
fLg * - e,P$ = 2Ae,, 
P’- 
(24~) 
and a fluid source or sink, of strength 2?rK/A, located at the origin. The fluid 
streamlines v = const. spiral outward or inward, depending on the sign of K, 
while the magnetic field is purely azimuthal. The fields are 
Be Ar -=zz ) 
l.bG 
B, = 0, 
The pressure gradient is 
vp=(VxB)xB-p(V.v)V, 
PO 
and one readily computes that 
vp -= & 
P r [( 
oL2 + K2 --)f+(B”-2Ayy+2*] AS 
(24~9 
(244 
cm 
cw 
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Clearly, the pressure is not single-valued in any simply-connected region 
containing the source. 
In order to interpret such a solution we must insert, say radially outward 
from the origin, a “cut” or “actuator plate,” across which the pressure 
everywhere undergoes a jump of amount 4$X/A. Part of the pumping 
action, keeping the fluid in steady motion against magnetic braking forces, 
occurs across this actuator surface, which imparts momentum to the fluid. 
The rest of the pumping action occurs at the fluid source. 
B. Fluid of Finite Conductivity 
We present first three solutions for a nonviscous fluid of finite conductivity, 
in the special case of vanishing electric field (K = 0). The corresponding 
equations are the limiting forms of (4) and (5) for Y = 0, K = 0,2 namely, 
W2% v) 
WY Y) 
_ W2h P) = 0 
%Y) ’ 
(26) 
(27) 
Putting # = +( x results in dx, y) = f(x) - AyE’(x), where ) 
W(x) = -$ log f(x) 
and f is another function to be found. Substitution into (26) yields 
(f ‘W’ - f”‘W) + hy( WW”’ - W’W”) = 0, 
so that, for the determination of 4 and f one has the equations 
WW” - W’W” = 0 (28) 
and 
f’wf’ -f”w E 0. 
The following sets of solutions emerge: 
q~(x, Y) = PI - Gy) P + P2 - AC299 e--a*, 
(29) 
(30a) 
1/I’(x) = A exp (2 ears - $ e-w) , W) 
s Since the fluid is now assigned finite conductivity (A # 0), the condition K = 0 
no longer implies that V and B are necessarily parallel. 
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and 
dx, Y> = PI - WY) cos orx + (D, - XC2y) sin ti, (314 
t)‘(x) = A exp (2 
c 
sin LYX - 2 cos orx , a: 1 
and, lastly 
p(x, y) = D,x2 + DG - hy(C,x + C,>, (32a) 
f(x) = A exp (y + C2x) . (32b) 
Finally, we present a solution for a finite conductivity nonviscous fluid 
with nmounishitg electric field. Our starting point here is the pair of equations 
D(r2s v) _ 
D(x, Y) 
W2h +) = o 
D(x, Y> 
(33) 
(34) 
Putting # = $(x) into (34) yields now 
where 
dX,Y) =fW - hVx) 
Inserting this into the equation of motion (33) yields the equations 
and 
yy” - T/“Y” = 0 (35) 
f’V” -f”‘V = 0. (36) 
Immediately, one has V(x) = Ce z + D, whose solution yields (b(x). Inser- 
ting V(x) into (33) yields the equation for f, namely, 
f 
,,I A2 
--Y- = 1 + (D/C) e-A* ’ f (37) 
A fully general solution is blocked by one’s ability to solve (37) exactly, save 
for the case D = 0, which we now assume. Thereupon we have 
f”’ - #f’ = () 
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so that f(x) = FeAz + Ge-AZ + E and V(x) = C&. Hence 
Putting tj’ = l/u yields 
which is soluble at once. One obtains the solution 
9)(x, y) = (F - ACy) eAz + Ge-Az, 
t(x) = [C’ exp (--& CA*) - 5 exp (--$- &) Ei ( - -$ t@)]-’ 
where 
APPENDIX 
METHOD OF GENERATING FUNCTIONS M)R DISSIPATIONLESS FLOWS 
It is of some theoretical interest-though apparently not a practical means 
of achieving new analytical solutions-to note that, for the case of a dissi- 
pationless fluid, the equations of motion and induction may be combined 
into a single nonlinear partial differential equation. The procedure may be 
sketched as follows [Z]: 
With a trivial coordinate scale change, we may write the stream function 
equations for this case as 
and 
(A-2) 
One man now “solve” Eq. (A.2), Obtaining ‘p and # in terms of a “generating 
function,” and then substitute this in (A.1) to obtain a differential equation 
for this function. This procedure is then quite similar to the finding of solu- 
tions of the Hamiltonian canonical equations of dynamics by means of a 
contact transformation defined through a generating function. In this analogy, 
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(A.2) plays the role of the Poisson Bracket conditions defining a canonical 
set of coordinates and momenta, while (A.l) plays the role of the Hamilton- 
Jacobi equation. 
Let us introduce new variables of OL, /I by putting 
x = ‘4% 8)s v = PC% I% 
(A-3) 
Y = Yh #% #J = $(a, PI7 
where ~(a, 6) and ~(a, B) are arbitrary differentiable functions for the moment. 
Using the multiplication theorem for Jacobian8 and multiplying (A.2) 
hrw$ by D(x, W’h 8>, we have, as exact equivalent of (A.2), the equa- 
tion 
(A-4) 
Now, whatmer x(a, /I) and ~(a, j?) may be, solutions of (A.4) go over into 
solutions of (A.2) by use of Eq. (A.3). So we are at liberty to impose the fur- 
ther conditions that 
(A.5) 
thus specializing the transformation (A.3) somewhat: Relations (A.5) are, 
however, idbnt;CaZly satisfied by putting 
$a, 8) = a + P(a, 19, ~(a, B) = B + &(a, B), 
Aa, S) = a - P(a, 8), 
where P(a, Is) ad Q(a, 8) are, as far as Eq. (A.6)fare concerned, arbitrary 
functions-but must be particularized so that (A.4) is satisfied. This we now 
do. 
Using Eq. (A.6), one easily computes that 
W’s Q) i!@.d = 1 + g- + +, + D(a, fi) 
D(a, 8) 
and 
D(cp, 4) 3Q W? Q) -= 
D(a, B) l-(%+qd+pQy. 
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Consequently, to satisfy (A.2, we require that 
$+4&o. 
Equation (A.7), however, is satisfied identicaHy by putting 
(A-7) 
where W(,, p) is an arbitrary function of (Y, /I. 
From W(ru, /Ll) we generate an implicit solution of Eq. (A.2) through the 
relations 
8W t?W x==a+yJ-p gJ=a-ag, 
where W(a, 8) must satisfy the condition that 
D =D(x,Y) D(n#> - 1 +a2Wa2W a2w 2D(cu,=iqqF)= ---=v- *O aa ap f 1 
but is otherwise arbitrary. 
It is now straightforward, albeit complicated, to substitute the formal 
solution (A.9) into (A.l), obtaining a very intricate nonlinear equation in W 
alone (with (Y, fi as independent variables), any solution of which is a solution 
of (A.l) and (A.2). The necessary steps will not be carried out here. 
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